We investigate the possibility to use the neutrinos coming from a future galactic supernova explosion to perform neutrino oscillation tomography of the Earth's core. We propose to be using existing or planned detectors, resulting in an additional payoff. Provided that all of the discussed uncertainties can be reduced as expected, we find that the average densities of the Earth's inner and outer cores could be measured with a precision competitive with geophysics. However, since seismic waves are more sensitive to matter density jumps than average matter densities, neutrino physics would give partly complementary information. : 14.60.Lm; 13.15.+g; 97.60.Bw 
Introduction
In order to obtain more information about the interior of the Earth, neutrino tomography has been considered as an alternative method to geophysics. There exist, in principle, two different such techniques, neutrino absorption tomography [1] [2] [3] [4] [5] [6] [7] [8] [9] and neutrino oscillation tomography [10] [11] [12] [13] [14] . Neutrino absorption tomography, based on the absorption of neutrinos in matter, is in some sense similar to X-ray tomography and unfortunately faces several problems including the need of extremely high energetic neutrino sources, huge detectors, and the prerequisite of many baselines. Neutrino oscillation tomography uses the fact that neutrino oscillations are influenced by the presence of matter [15] [16] [17] . Neutrino oscillation tomography would, in principle, be possible with a single baseline, since interference effects provide additional information on the matter density profile. However, it requires quite precise knowledge about the neutrino oscillation parameters and stringent bounds on the contribution of non-oscillation physics, such as neutrino decay, CPT violation, non-standard interactions, sterile neutrinos, etc. Supernovae as neutrino sources are especially interesting, since the neutrinos come in large numbers from a short burst, which could be used to obtain a snapshot of the Earth's interior. In addition, compared to solar neutrinos, their energy spectrum has a high-energy tail, which is more sensitive to Earth matter effects. The influence of Earth matter on supernova neutrinos has, for example, been studied in Refs. [18] [19] [20] .
We assume that technologically feasible detectors exist, such as Super-Kamiokande, SNO, Hyper-Kamiokande, and UNO, which are originally built for different purposes, but also capable to detect supernova neutrinos. We discuss the possibility to use the neutrinos coming from a future galactic supernova explosion to determine with the assumed detectors some of the measurable quantities describing the structure of the Earth's interior. We especially focus on the outer and inner core of the Earth, since they are much harder to access with conventional geophysical methods than the mantle of the Earth.
Geophysical aspects
In geophysics, the most promising technique to access the Earth's interior is to use seismic wave propagation (for a summary, see Refs. [21, 22] ). Especially, the detection of seismic waves produced by earthquakes gives valuable information on the seismic wave velocity profile of the Earth matter. However, the matter density is not directly accessible, but indirectly obtained by assumptions about the equation of state of the considered materials. Since seismic S-waves are mainly reflected at the mantle-core boundary, information on the Earth's core is much harder to obtain than on the Earth's mantle. Therefore, we will especially focus on the Earth's core in this paper. Since reflection and refraction of Pwaves at transition boundaries with large matter density contrasts are quite easy to observe with seismic waves, the mantle-core and outer coreinner core boundaries can be located with high precision as well as the matter density jumps can be measured. For example, the matter density jump at the outer core-inner core boundary is often given by (0.55±0.05) g/cm 3 [23] . This is quite a difference compared to neutrino physics, since neutrino oscillations in matter are especially sensitive to the average matter densities (on the scale of the neutrino oscillation length) indirectly measured by the electron density. Thus, neutrino oscillations are less sensitive to local differences, but they involve less unknowns from the equation of state and could therefore access the absolute matter densities instead of the matter density jumps.
Several issues regarding the Earth's inner core are considered to be interesting from a geophysical point of view. For different indirect reasons the inner core is believed to consist mainly of iron and it is therefore often called the iron core. First of all, the spectral lines in the sunlight indicate that the atmosphere of the Sun partly consists of iron as a potential material source for the planets. A second hint comes from the magnetic field of the Earth. After all, there are no convincing alternatives. We will see later that neutrino to-mography could directly verify the average matter density of an iron core. Further topics relevant for the inner core structure are: anisotropy, heterogeneity, time-dependence, solidity, and rotation (for a summary, see Ref. [24] ). However, since neutrino oscillations are to a good approximation only sensitive to average matter densities at long scales, these issues are much harder to access with neutrino oscillation tomography.
Core-collapse supernovae as neutrino sources
Core-collapse supernovae represent the evolutionary end of massive stars with a mass M 8M ⊙ , where M ⊙ is the mass of the Sun. In these explosions, about 99% of the liberated gravitational binding energy, E b ≃ 3 · 10 53 erg, is carried away by neutrinos in roughly equal amounts of energy for all flavors in the first 10 seconds after the onset of the core collapse [25] . It is widely believed that the time-dependent energy spectrum of each neutrino species can be approximated by a "pinched" Fermi-Dirac distribution [26] [27] [28] . In this work, we assume that the time-integrated spectra can also be well approximated by the pinched Fermi-Dirac distributions with an effective degeneracy parameter η, i.e.,
where E tot ν ≡ L ν dt is the total neutrino energy of a certain flavor ν,
and E and T denote the neutrino energy and the effective temperature, respectively. The relation between the average neutrino energy and the effective neutrino temperature is given by
For simplicity we assume that η = 0 for all neutrino flavors, which means that
where ζ(x) is the Riemann z-function [ζ(3) ≃ 1.20206] and k ≃ 3.15137. Furthermore, the timeintegrated flux of the neutrinos can be expressed by
where D is the distance to the supernova. Due to the different trapping processes, the different neutrino flavors originate in layers of the supernova with different temperatures. The electron (anti)neutrino flavor is kept in thermal equilibrium by β processes up to a certain radius usually referred to as the "neutrinosphere", beyond which the neutrinos stream off freely. However, the practical absence of muons and taus in the supernova core implies that the other two neutrino flavors, here collectively denoted by ν x (ν µ , ν τ ,ν µ ,ν τ ), interact primarily by less efficient neutral-current processes. Therefore, their spectra are determined at deeper, i.e., hotter regions. In addition, since the content of neutrons is larger than that of protons, ν e 's escape from outer regions thanν e 's. This rough picture leads to the following hierarchy: E νe < Eν e < E νx .
Here ν x refers again to both ν µ and ν τ . Typical values of the average energies of the timeintegrated neutrino spectra obtained in simulations are E νe ∼ 12 MeV, Eν e ∼ 15 MeV, and E νx ∼ 24 MeV [29, 30] . However, recent studies with an improved treatment of neutrino transport, microphysics, the inclusion of the nucleon bremsstrahlung, and the energy transfer by recoils, find somewhat smaller differences between theν e and ν x spectra [31, 32] .
In the following, we assume a future galactic supernova explosion at a typical distance of D = 10 kpc, with a binding energy of E b = 3 · 10 53 erg and a total energy of E tot νe = E tot νe ≡ E tot νx /ξ, where ξ parameterizes a possible deviation from energy equipartition [33] . We also assume that the fluxes of ν µ , ν τ ,ν µ , andν τ are identical and we fix Eν e to 15 MeV. We consider four scenarios with different values of the parameters τ E ≡ Eν x / Eν e ∈ {1.2, 1.4} and ξ ∈ {0.5, 1}, as shown in Tab. 1.
As far as the neutrino detection is concerned, we only analyze the charged-current reactionν e + Parameter S1 S2 S3 S4 ξ 1 1 0.5 0.5 τ E 1.4 1.2 1.4 1.2 Table 1 Our four different standard scenarios for supernova parameters, where in all cases Eν e = 15 MeV.
p → e + + n, since this reaction yields the largest number of events (around 8000 in the Super-Kamiokande detector in the case of a galactic supernova). Therefore, we shall concentrate on the study of the propagation of antineutrinos from a supernova to detectors on the Earth.
From neutrino production to neutrino detection
In general, neutrino propagation from a source to a detector is described by an evolution operator on the form
where H ≡ H (L) is the total Hamiltonian and L is the neutrino (traveling) path length, i.e., the baseline length. The Hamiltonian is usually given either in the flavor basis or in the mass basis.
In the flavor basis, the total Hamiltonian reads
is the free Hamiltonian in the mass basis, U ≡ (U αa ) is the leptonic mixing matrix, and
is the mass density parameter related to the matter density ρ ≡ ρ(L). Here E a ≡ m 2 a /(2E) (a = 1, 2, 3), G F ≃ 1.16639 · 10 −23 eV −2 is the Fermi weak coupling constant, Y e is the average number of electrons per nucleon 1 , and m N ≃ 939 MeV is the nucleon mass. The sign depends on the presence of neutrinos (+) or antineutrinos (−). Furthermore, m a is the mass of the ath mass eigenstate ν a and E is the neutrino energy. In order to obtain the neutrino oscillation transition probabilities, we need to calculate the matrix elements of the evolution operator in the flavor basis, take the absolute values of these, and then square them. The neutrino oscillation probability amplitude from a neutrino flavor ν α to a neutrino flavor ν β is defined as
where U f is the total evolution operator in the flavor basis. Then, the neutrino oscillation transition probability for ν α → ν β is given by
The initial neutrino fluxes arise from the central part of the supernova, where the matter density is of the order of about 10 12 g/cm 3 . For such high matter densities one can infer from the expression of the Hamiltonian H f that the matter mass eigenstates, ν m a (a = 1, 2, 3), coincide with the flavor states, ν α (α = e, µ, τ ), up to a rotation between ν µ and ν τ . Thus, in the case of normal mass hierarchy, m 1 m 2 ≪ m 3 , one has
whereν ′ µ andν ′ τ are the rotated states. Therefore, one can assume that the original fluxes of the matter mass eigenstates are 2
Since we are assuming thatν µ andν τ have the same fluxes, the neutrino transitions are determined by the mixings of theν e only, i.e., by U ea [35] . Moreover, under the assumption of normal mass hierarchy, antineutrinos do not undergo any resonant conversion, which means that the small mixing angle θ 13 is suppressed in matter and theν e ↔ν 3 transitions are negligible. One 2 Any rotation betweenνµ andντ does not affect the corresponding total mass eigenstate contents, because they have the same fluxes, as discussed in the last section. For an analysis taking into account possible differences in the fluxes, see Ref. [34] . In addition, an argument against neutrino oscillations betweenνµ andντ on their way to the Earth will be given at the end of this section.
consequence is thatν m 3 propagates adiabatically and leaves the supernova asν 3 . The propagation of the other two states depends on the parameters of the solution to the solar neutrino problem and it may be adiabatic or non-adiabatic [36, 37] . In particular, we will focus on the Mikheyev-Smirnov-Wolfenstein (MSW) [15] [16] [17] large mixing angle (LMA) solution, since it is by far the most favored one. For the parameters within such a region the neutrino evolution through the supernova (SN) envelope is adiabatic. Thus,ν e will leave the supernova asν 1 ,ν ′ µ asν 2 , andν ′ τ asν 3 . Finally, the measured fluxes of supernova neutrinos at a detector on the Earth are
where Φ 0 νa (a = 1, 2, 3) are the initial supernova neutrino fluxes.
For neutrino propagation from a supernova (SN core) to a detector at the Earth (see Fig. 1 ) we have the probability amplitudes
where U SN , U vac , and U ⊕ are the evolution operators in the supernova (from SN core to SN envelope), in vacuum, and in the Earth, respectively, and L SN , L vac , and L ⊕ are the corresponding baseline lengths. Note that the operators U SN , U vac , and U ⊕ in general do not commute. Using the completeness relation, one can write the probability amplitudes as
Since we have seen that for adiabatic transitions the supernova neutrinos leave the supernova (SN envelope) as neutrino mass eigenstates ν a , i.e., ν a |U SN (L SN )|ν α = δ αa , we can re-define the probability amplitudes where the first index is a mass eigenstate index (a = 1, 2, 3) and the second index is a flavor state index (α = e, µ, τ ). These "mixed" probability amplitudes will completely determine the evolution of the neutrinos from a supernova (SN envelope) to the Earth. Now, there are, in principle, two cases for a supernova neutrino to be detected at the Earth (see again Fig. 1 ):
1. The supernova neutrino arrives at the detector from above, i.e., it does not go through the Earth at all (detector D 1 ).
The supernova neutrino goes through the
Earth's core and then arrives at the detector (detector D 2 ).
Let us start with the first case. The probability amplitude for an initial neutrino mass eigenstate ν a , where a = 1, 2, 3, to leave the supernova and to oscillate into a flavor state ν α , where α = e, µ, τ , is at the detector D 1 given by
Note that we assumed that a neutrino mass eigenstate ν a left the supernova, and therefore, no evolution operator U SN should appear in the above equation. Furthermore, since the supernova neutrino does not go through the Earth, there appears also no evolution operator U ⊕ in this equa-tion. Next, since the evolution operator in vacuum U vac is diagonal in the mass basis, we find that Eq. (15) reduces to 3
i.e., the probability amplitudes are just the matrix elements of the leptonic mixing matrix. Thus, we have P D1 aα = |A D1 aα | 2 = |U αa | 2 , and inserting this into Eq. (11), we obtain the supernova neutrino fluxes at the detector D 1 as
Assuming as in Eq. (10) that the initial fluxes of the second and third mass eigenstates are equal, i.e., Φ 0 ν2 = Φ 0 ν3 , the electron antineutrino flux at the detector D 1 can be written as
3 The neutrino flavor states are defined as follows: |να = 3 a=1 U * αa |νa (α = e, µ, τ ), which implies that να| =
is the so-called flux ratio, which is plotted for several values of ξ and τ E (introduced in the last section) in Fig. 2 . Furthermore, the flux ratio f R depends on the supernova parameters Eν e , ξ, and τ E only and reads for η = 0
where again k ≃ 3.15137. Reinserting the proba- 
The flux ratio f R as a function of the neutrino energy E for different values of the parameters ξ and τ E , partly corresponding to the scenarios in Tab. 1.
bilities P D1 ae instead of the probability amplitudes U ea in Eq. (18) and using the unitarity condition
which means that the flux of electron antineutrinos at the detector D 1 is only depending on the initial neutrino flux Φ 0 ν1 , the transition probability P D1 1e = |U e1 | 2 , and the flux ratio f R . Next, let us discuss the second case. Again using the fact that the evolution operator in vacuum U vac is diagonal in the mass basis, we find that
Similar to the first case, we obtain the supernova neutrino fluxes at the detector D 2 as
which for the electron antineutrino flux at the detector D 2 can be written as
This means that the flux of electron antineutrinos at the detector D 2 depends only on the initial neutrino flux Φ 0 ν1 , the transition probability P D2 1e = |A D2 1e | 2 , and the flux ratio f R . Now, we want to determine the neutrino oscillation transition probabilities. Using the evolution operator method developed in Ref. [38] , the evolution operator in the Earth, which we will assume to consist of N different (constant) matter density layers, is given by
where 
which is our main formula for the neutrino oscillation transition probabilities from a supernova to the detector D 2 . Thus, inserting a = 1 and α = e into Eq. (25), we find the probability P D2 1e , which can then be inserted into Eq. (23). Figure 3 .
The charged-current events per energy bin from electron antineutrinos in an Super-Kamiokande-like detector for a bin width of approximately 2.1 MeV, corresponding to an energy resolution of about 15% at 15 MeV. The solid curve shows the spectrum (scenario S1 in Tab. 1) including the Earth matter effects for a baseline of about 12,700 km through the Earth's core, whereas the dashed curve shows the spectrum without Earth matter effects. The differences appear to be small, but are nevertheless statistically significant.
In Fig. 3 , we show for the scenario S1 in Tab. 1 the different binned energy spectra at Super-Kamiokande-like detectors, where the solid curve represents the detector D 2 and the dashed curve the detector D 1 . One can easily see that matter effects are largest for energies above about 25 MeV. For a detailed discussion of Earth matter effects of supernova neutrinos, see Refs. [18] [19] [20] and references therein. In summary, for our chosen values of the neutrino oscillation parameters (MSW LMA solution, maximal atmospheric mixing, and normal mass hierarchy) the relative size of the Earth matter effects increases with energy and can be seen as oscillatory modulation of the energy spectrum. For small energies, however, this modulation oscillates too fast to be resolved, i.e., it averages out. For large energies about 25 MeV, the frequency becomes smaller and this modulation can be resolved. In Fig. 3 , we used the scenario S1 from Tab. 1, making it possible that the fluxes of ν x dominate above the critical energy around 25 MeV. This results in a negative modulation of the electron antineutrino spectrum, i.e., regeneration effects ofν µ andν τ , as it is shown in Ref. [18] . However, a general suppression of the fluxes of the ν x is possible for a value ξ < 1, which means that the modulation can be positive. From Fig. 3 , it is also interesting to observe that solar neutrinos show much smaller Earth matter effects (day-night), since the spectrum is cut off far below 25 MeV. Thus, especially the high-energy tail in the supernova neutrino spectrum can make this application possible compared with solar neutrinos.
Let us now go back to Fig. 2 , which shows the flux ratio f R of the ν x and theν 1 fluxes at the surface of the Earth for the supernova parameter scenarios in Tab. 1. With Eq. (23) and this figure, we can estimate the sensitivity for different sets of supernova parameters. This equation describes the flux at the detector D 2 and depends on three different quantities. The flux Φ 0 ν1 can be indirectly determined by the detector D 1 , as it appears in Eq. (20) as the overall normalization. The flux ratio f R depends on the supernova parameters ξ and τ E only, which can, up to a certain precision, also be reconstructed from the spectrum at the detector D 1 (cf., discussion in Sec. 7 and Ref. [41] ). Note that it could be directly measured if one were also able to detect flavors other than the electron antineutrino, and the supernova parameters would completely drop out (cf., Eq. (17)). The transition probability P D2
1e contains the information about the Earth matter and is usually quite large. Thus, the ratio (1 − P D2 1e )/P D2 1e in Eq. (23) is rather sensitive to changes in the Earth matter effects. Since this factor is multiplied with f R , the energydependent flux ratio can enhance or suppress it. We have also noticed above that the (relative) Earth matter effects are increasing with energy. For the supernova parameters we can then distinguish three different cases, which can also be found in Fig. 2: 1. ξ = 1, τ E = 1 (energy equipartition and equal temperatures for all flavors):
The flux ratio f R is equal to unity (cf., Eq. (19)). Then, the neutrino transition probabilities in Eq. (23) drop out and we cannot use the supernova neutrinos for Earth matter effects.
2. ξ = 1, τ E > 1 (energy equipartition and a lower temperature forν e than for ν x ):
The flux ratio f R is enhanced for large energies, where Earth matter effects are large. The larger τ E is, the larger becomes this effect. Thus, the scenario S2 in Tab. 1 performs worse than the scenario S1.
3. ξ ≪ 1 (more electron antineutrinos produced than the other two flavors):
The flux ratio f R ∝ ξ is suppressed in general. Therefore, the scenarios S3 and S4 are not as good for our application as the scenario S1.
Thus, the closeness to the equipartition of energies and the difference of the temperatures of thē ν e and ν x are very important and we will therefore mainly focus now on the scenario S1. For our application we assume that neutrino mass eigenstates arrive at the Earth and no neutrino oscillations take place between the supernova envelope and the surface of the Earth. This can either be justified by the adiabacity condition for the propagation within the supernova, making mass eigenstates emerge from it, or by decoherence of neutrino oscillations between the surface of the supernova and the Earth. In both cases, Eq. (13) can be split into two independent factors without interference terms. The issue of wave packet decoherence has, for example, been addressed in Refs. [42] [43] [44] [45] [46] [47] . It has been found that neutrino oscillations vanish for neutrino propagation over distances much larger than the coherence length of the neutrino oscillations. This means that for L > L coh ab ∝ σE 2 /∆m 2 ab the L/Edependent interference terms produced by the superposition of the mass eigenstates m a and m b in the neutrino oscillation formulas are averaged out. The quantity σ corresponds to a wave packet width determined by the production and detection processes [43, 45] . Since for supernova neutrinos the distance of the propagation is especially large, it is plausible to assume that this averaging takes place and neutrino oscillations vanish by natural decoherence. In other words, the different group velocities of the wave packets of different mass eigenstates combine with dispersive effects such that the overlap of the mass eigenstates is gradually reduced to zero by a factor of exp −[l/L coh ab ] 2 in the neutrino oscillation formulas. Hence, for L > L coh ab the mass eigenstates arrive separately and the coherent transition amplitude in Eq. (12) is split up into two parts to be summed over incoherently (see, e.g., Ref. [46] ), having the same effect as the adiabatic transition within the supernova separating the flavor states into mass eigenstates. Thus, it is reasonable to assume that mass eigenstates arrive at the surface of the Earth even for non-adiabatic transitions within the supernova.
Finally, in our numerical analysis, we assume Super-Kamiokande-like water-Cherenkov detectors, i.e., a 32 kt fiducial mass (for supernova neutrinos) Super-Kamiokande detector and a 1 Mt fiducial mass (for solar neutrinos) Hyper-Kamiokande detector. We choose 30 energy bins between the threshold energy 5 MeV and 70 MeV, since above 70 MeV the number of events is rather low. The bin width of approximately 2.1 MeV corresponds to an energy resolution of about 15% at 15 MeV.
A neutrino oscillation tomography model
We now introduce and discuss a simple model used for supernova neutrino tomography. As shown in Fig. 4 , we assume at least two baselines ending at detectors with similar statistics and systematics, such as Super-Kamiokande-like water-Cherenkov detectors. In order to measure the Figure 4 . The minimal required setup for supernova neutrino tomography with at least two baselines, one of which is ending at the surface of the Earth at the detector D 1 , the other one is going through the Earth's core (or even the Earth's inner core) to the detector D 2 . In general, we assume that the neutrinos arrive as mass eigenstates at the detector D 1 and start to oscillate when they enter the Earth's interior. reference spectrum of the supernova neutrinos, the neutrinos detected at the detector D 1 must not cross the Earth. The probability that the supernova neutrinos are observed directly, i.e., without crossing the Earth, is 50% for each detector. If we want to obtain information on the Earth's core, then the second detector D 2 needs to observe the supernova neutrinos with a baseline crossing the Earth's core with a sufficient length. In Tab. 2, the probabilities for a single detector D 2 to observe the supernova neutrinos coming from a random, but fixed, direction through the Earth's mantle, core, and inner core are summarized. Since the probability for a baseline to cross the inner core (about 1%) is rather small, one needs luck or time to be able to apply this technique. However, the probability for Table 2 The different inner Earth regions observed by a single detector detecting supernova neutrinos. They require the minimum baselines L through the Earth, which happens with the shown probabilities for a single detector. a baseline to cross the core (about 8%) is already quite large, which means that for more than one detector one of them could really be at the right place.
Further on, we assume that the detector D 1 is at least as good as the detector D 2 , which means that the statistics is limited by D 2 , and D 1 measures the reference flux Φ D1 νe with sufficient precision. For the neutrino oscillation parameters we choose θ 12 = 32.9 • , θ 13 = 5 • , θ 23 = 45 • , ∆m 2 21 = 5.0 · 10 −5 eV 2 , ∆m 2 32 = 2.5 · 10 −3 eV 2 , and δ CP = 0 [48] [49] [50] [51] [52] , i.e., a normal mass hierarchy. Matter effects on supernova neutrinos in the Earth are discussed in detail in Ref. [18] , where it is also demonstrated that Earth matter effects would be suppressed for solutions other than the MSW LMA solution. For our application the dominant neutrino oscillation parameters are the solar neutrino oscillation parameters ∆m 2 21 and θ 12 , as well as the matter effects depend on sin 2 2θ 13 . Later, we will estimate the precision with which we need to know these parameters and we will test the influence of the size of sin 2 2θ 13 . Note that we assume mass eigenstates arriving at the surface of the Earth. Therefore, if D 1 and D 2 were identical detectors, a direct comparison of their energy spectra would verify the existence of Earth matter effects immediately. For detectors of different types fits of the energy spectra would supply similar information in an indirect way.
For the modeling of the matter density profile we choose the Preliminary Reference Earth Model (PREM) profile [53, 54] , as it is shown in Fig. 5 Outer core Inner core Outer core Mantle Figure 5 . The model for the Earth's matter density profile used in the calculations (step function) and the PREM matter density profile as function of the path length along the baseline shown in Fig. 4 . The quantities which we are interested in are the average outer core matter density ρ and the matter density jump ∆ρ between average inner and outer core densities, as it is shown in this figure.
matter densities. A baseline with a maximum length of twice the Earth radius then crosses the following layers in this order: mantle, outer core, inner core, outer core, mantle. Since substantial knowledge is provided by geophysics about the Earth's mantle, we assume its matter density to be known with a sufficient precision. For such a baseline the interesting quantities to measure are the average outer core matter density ρ and the matter density jump ∆ρ to the average inner core matter density, as illustrated in Fig. 5 . This is slightly different to what is known from seismic wave geophysics, since there the density jumps of the actual matter densities at the mantle-core and outer-inner core boundaries are better known. However, since neutrino oscillations are not sensitive to matter densities at individual points, but essentially to the integral of the matter density and the length scale the neutrinos are traveling through [55] , they are more appropriate to measure average matter densities.
The introduced model allows to estimate what could be learned from the neutrinos of a supernova explosion about the Earth's interior. The actual situation, however, such as the number of detectors with baselines through the Earth, their size, the knowledge on the neutrino oscillation parameters, systematics, etc., can only be implemented after the next observed supernova explosion. Our discussion here serves only the purpose of demonstrating that such studies are feasible.
Results
Based on the modeling in the last section, we present results, which could be provided by a single supernova. Our analysis is performed with a standard χ 2 technique using [56] 
where n is the number of energy bins, x ref i is the reference event rate in the ith bin for the true parameters, and x i is the measured/varied event rate in the ith bin. The errors quoted are read off at the 2σ confidence level -depending on the problem for one or two degrees of freedom. For two degrees of freedom we also take into account the two-parameter correlations. However, we assume that the effects of the systematics are negligible, i.e., the systematical errors are not larger than the statistical errors and the systematics is well understood. This assumption should be reasonable at the time when this application could become relevant.
The most likely case to observe the Earth's core with supernova neutrinos are baselines crossing the Earth's outer core, but not the Earth's inner core, i.e., baselines between about 10,670 km and 12,510 km (about 7% probability for a single detector). Assuming the mantle properties to be known quite well from geophysics, one may then measure the average (outer) core matter density (about 11.4 g/cm 3 ). As a result of the analysis for the scenario S1 in Tab. 1, it turns out that one could measure this core matter density with a baseline just touching the inner core with about 6% precision with a Super-Kamiokande- Table 3 The different supernova parameter scenarios from Tab. 1 and the absolute errors δρ and δ(∆ρ) (in g/cm 3 ) for the measurement of ρ and ∆ρ, respectively, at the 2σ confidence level with a Super-Kamiokande-like detector. In addition, the appearance of degenerate solutions (Degs) at the 2σ confidence level is indicated.
like detector and 0.9% precision with a Hyper-Kamiokande-like detector. A somewhat more sophisticated application is the combined measurement of the outer and inner core matter densities in the two-parameter model introduced in the last section, i.e., Figs. 4 and 5. In Fig. 6 , the results of this analysis are shown in the ρ-∆ρ-plane for Super-Kamiokandeand Hyper-Kamiokande-like detectors for the scenario S1 in Tab. 1. One can read off the (absolute) errors at the 2σ confidence level such as shown in this figure. A Super-Kamiokande-like detector cannot verify the inner core, which can be seen in the 2σ contour crossing the inner core sensitivity line, i.e., the line ∆ρ ≡ 0. Therefore, it is not well-suited for density measurements of the inner core. However, a Hyper-Kamiokande-like detector can clearly observe and verify the inner core even at the 99% confidence level. Furthermore, quite precise measurements of ρ and ∆ρ are possible. The relative error for ρ is about 2.8% and for ∆ρ about 50% (2σ confidence level).
As we have indicated in Sec. 4, the supernova parameter scenarios in Tab. 1 other than the scenario S1 perform somewhat worse in the measurement of the parameters ρ and ∆ρ. In addition, degenerate solutions appear at the 2σ confidence level, i.e., different solutions in the parameter space can be fit to the results of the measurement at the considered confidence level. In Tab. 3, we show the errors for the measurement of ρ and ∆ρ for the Super-Kamiokande detector. It clearly shows that for this application ξ ≃ 1 and τ E large are giving the best results. In addition, degenerate solutions appear for all scenarios except from the scenario S1. It turns out that a somewhat higher E νe can improve the results, because it supports the high-energy tail in the spectrum where matter effects are largest.
The results from this measurement cannot be directly compared with the geophysical results, because in seismic wave geophysics the matter density jumps are much easier accessible than the average matter densities. For example, the matter density jump between the outer and inner cores is believed to be about (0.55 ± 0.05) g/cm 3 (see, e.g., Refs. [57] [58] [59] [60] ). Translated to the 2σ confidence level, this corresponds to the same order of magnitude as the Hyper-Kamiokande measurement of about 50% precision. However, the average matter density is much harder to access in geophysics and can only be estimated by the long periodic seismic eigenmodes with uncertainties increasing with depth [23] . The precision on the average matter density of about 3% from neutrino physics as well as the measurement of the average matter density jump ∆ρ could help to understand and complement the geophysical information.
Finally, one could consider more than one baseline. If more than one detector observes a supernova through the Earth's core or the inner core, then the potential of this technique would be improved. However, as shown in Tab. 2, the probability for a single detector to have a baseline through the core is already quite low, which means that more detectors would mainly increase the probability that one has an appropriate baseline. Thus, we have in this paper focused on the case of one baseline through the Earth. If really more than one baseline went through the core, then the statistics of the overall measurement would be improved and the result could be estimated by a scaling of the detector. Having one large detector and one baseline corresponds in this application to different detectors at similar positions with their fiducial masses adding up to the one of the single detector. 
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0.87 g cm 3 Figure 6 . The 1σ, 2σ, and 3σ contours of the χ 2 -function for a measurement of ρ and ∆ρ for a Super-Kamiokande-like (left-hand plot) and Hyper-Kamiokande-like (right-hand plot) detector and the scenario S1 in Tab. 1. The errors from statistics and correlations are read off at the arrows in the figures. In order to find evidence for the existence of the inner core (the iron core), the contour of the respective confidence level must not cut the inner core sensitivity line corresponding to ∆ρ ≡ 0. This line can only be seen in the left-hand plot.
Uncertainties
In order to discuss the influence of uncertainties on the measurements, we estimate the precision to which the leading neutrino oscillation parameters ∆m 2 21 and θ 12 have to be known for the measurement and we vary them until we observe an effect which is as large as the error of the measurement of ρ or ∆ρ. It turns out that these leading parameters have to be known with about 1% precision for the Super-Kamiokandelike measurements and with about 0.2% precision for the Hyper-Kamiokande-like measurements. These precisions should be obtainable on the typical timescales of galactic supernova explosions.
The parameter sin 2 2θ 13 also has some influence on the matter effects. For small values, however, the neutrino oscillations reduce to the two-flavor solar case in vacuum. We tested the influence of this parameter on our applications and we found that it can be safely neglected as long as sin 2 2θ 13 is not too large. Only at the CHOOZ bound minor corrections much smaller than the error of our measurements have to be performed. However, this bound will be reduced in the short term future by planned superbeam and neutrino factory experiments (for a summary of expected boundaries see, for example, Ref. [61] ).
One of the most important uncertainties in this measurement comes from measuring the electron antineutrinos only. It can be easily seen from Eq. (20) that the extraction of the fluxes of the mass eigenstates from the flux of the electron antineutrino flavor involves assumptions about the supernova parameters, which are entering by the flux ratio f R . Thus, if only the electron antineutrinos from the supernova can be measured, then the tomography problem will be closely connected to the determination of the supernova parameters at a detector on the surface of the Earth. Estimates for the precision of the supernova parameter determinations are given in Tab. 4, taken
Param. SuperK
HyperK Table 4 The uncertainties on the supernova parameters extracted from the Super-Kamiokande (SuperK) or Hyper-Kamiokande (HyperK) measurements from Ref. [41] and their estimated effects on our parameter measurements as percentage corrections.
from Ref. [41] . 5 In addition, this table shows the estimated influences on the determination of our parameters from a variation of the supernova parameters in the numerical evaluation. The reason for the similar percentage effects for Super-Kamiokande and Hyper-Kamiokande is the parallel scaling of both problems. It is interesting to observe that none of the supernova parameters has a strong influence on the tomography problem except from the overall energy of the muon antineutrinos E tot νµ . One can show that this parameter has to be known up to about 20% for the Super-Kamiokande measurement and 3% -4% for the Hyper-Kamiokande measurement in order not to have strong effects on the tomography problem. However, this precision cannot be achieved by measuring the electron flavor only. Altogether, either E tot νµ needs to be measured by different experiments or the fluxes of the muon and tau antineutrinos need to be determined simultaneously with the electron antineutrino flux, making the supernova parameters entirely drop out. This can be seen in Eq. (17) , which allows the reconstruction of all mass fluxes at the detector D 1 if all flavor fluxes are measured.
Another issue in the discussion of uncertainties is the parameter Y e in Eq. (6) relating the number of electrons to the number of nucleons. Since 5 The results in this reference were obtained for ην e = 2.6, ην µ = 0, and η = 0.5. In this paper, however, we have used slightly different parameter values for which the precisions on the supernova parameters in Tab. 4 would become somewhat worse by about a factor of two.
the Earth matter effects in neutrino oscillations actually depend on the electron density and not on the matter density directly, additional uncertainties enter in the conversion of these two quantities by the parameter Y e . We assumed Y e = 0.5 in our calculations, but for different materials this parameter can differ somewhat from this valueespecially in the inner core. In order to find out the material in each matter density layer, one may prefer to measure the electron density instead of the matter density. However, since in each layer these quantities are proportional to each other, the problem does not change by using the matter density and the electron density can be easily calculated.
Summary and conclusions
We have discussed the possibility to use the neutrinos from a future galactic supernova explosion to obtain additional information on the Earth's core. First, we have summarized geophysical aspects and unknowns of the Earth's core. Then, we have investigated core-collapse supernovae as potential neutrino sources for a snapshot of the Earth's interior. Next, we have discussed the neutrino propagation from the production to the detection in detail, where we have especially focused on Earth matter effects on the neutrino oscillations of the supernova neutrinos. We have also put these effects into the context of the supernova parameters, i.e., temperatures and deviation from energy equipartition. Furthermore, we have stressed the importance of supernova neutrinos arriving at the surface of the Earth as mass eigenstates for this technique, which we have also supported by a discussion of decoherence of neutrino oscillations. We have shown that we need one detector on the surface of the Earth on the side towards the supernova, and another one in the shadow of the Earth's core. For the most likely scenario of not crossing the Earth's inner core, we have shown that the Earth's average core matter density could be determined up to 6% with a Super-Kamiokande-like and 0.9% with a Hyper-Kamiokande-like detector (all errors at the 2σ confidence level). In addition, for a less likely twoparameter measurement of the outer and inner core matter densities, Hyper-Kamiokande could verify the existence of the inner core at the 3σ confidence level and measure the outer core matter density with a precision of about 2.8%, as well as the density jump between outer and inner core matter densities with a precision of about 50%. The latter error is comparable to seismic wave geophysics, where, however, not the difference between the average matter densities, but the matter density jump at the outer-inner core boundary is measured. Thus, neutrino physics could provide complementary information to geophysics. Finally, we have discussed several uncertainties to these measurements and we have found that especially the determination of the total muon antineutrino energy of the supernova causes problems to our method. However, measuring not only electron antineutrinos, but also the other two flavors could completely eliminate the dependence on the supernova parameters. Furthermore, the leading solar neutrino parameters have to be known with sufficient precision, which is about 0.2% for Hyper-Kamiokande-like measurements. In summary, supernova neutrino tomography could be a nice additional payoff of existing or planned detectors if all of the prerequisites can be met at the time when the next supernova explodes.
